We present a simple approach to reduce the noise present in velocity measurements when using encoders. The approach is to use the median filter together with a simple first order linear filter and show that this combination avoids the errors due to warp of the encoder (when the angle goes from 2π back to 0 of vice versa). We test this new method and compare with different kinds of filters and algorithms to avoid the warp problem. We show that the proposed method can be implemented only with simple arithmetic and is perfectly suitable for embedded and hardware implementation.
Introduction
The need for measuring velocity in motors does not require justification. There are countless applications where one needs to measure the speed of a motor. Most of the velocity measurements made are noisy. Noise can come from all sorts of sources, from thermal noise to numerical error noise [1] . That fact justify the need for better algorithms to filter the measured value aiming to get as close as possible to the true signal, one that carry the desired information, in this case the velocity of a motor. There are several works about signal denoising [12] [13] [14] [15] but most of them uses sophisticated techniques that some times are hard to implement in real time. The most common approach for denoising in real time (or some times designated as on-line) is to use linear filters designed based on some knowledge of the signal (for instance the band of the signal) [8] .
In this paper we propose the use of the median filter [17] applied to angular velocity measurement. The use of median filter in signal processing has already been proposed [5] and some theoretical analysis has been made [7] [8] [9] . The median filter has a simple structure that is easily implemented, allowing it to be assembled using embedded hardware like (FPGAs, DSPs, Microcontrolers, etc.) [3, 5] .
Our goal is to use a median filter together with a simple low pass filter to reduce the noise in the measurement. The advantage is, as we will see, that this new approach only require simple arithmetic and avoids the use of transcendental functions or special algorithms to denoise. We will start by showing the problem of measuring velocity using an encoder and how can this be solved using a simple trigonometric manipulation. Then we compare the filtering with and without this manipulation, showing that without it, the filtering problem is hard to solve. Since this solution uses trigonometric functions, it is not suitable for most embedded applications. Finally we will show the proposed method and compare the results.
Angular Velocity measurement

Measurement using an encoder
When one uses a encoder to measure velocity of the axis of a motor, one approximates the velocity as
The problem is that this computation (and even most elaborated ones as second order numerical derivation) induces a special kind of noise due to the warp of the encoder (when θ goes from 2π back to 0 or vice versa). This abrupt change, appears in the velocity as a huge peak that require a strong low pass filter to eliminate. The problem is that the power spectrum of the peak contaminates all the signal spectrum [xx] . Because of this, the required band pass of the filter have to be too narrow to eliminate most of the peak influence in the signal. Being narrow, the filter ends up filtering part of the signal. Some work was been done to improve numerical differentiation in signals [6, 10, 11] including the angular velocity [10] . Our goal is to propose an alternative method that allows the implementation to be simple and that can be implemented in real-time.
Un-Warping the angle
Due to the warp of the angle in the encoder, one must use some technique to overcome the avoid the creation of the peak in the derivative. One simple trick is to write the equation (1) as
Now one can write the right side as the sum of sines form and take the inverse sin in the left side, resulting in
Apparently nothing changed between equation (1) 
Median Filter
The median filter is a filter that is normally used in image processing [2] but was been used in signal processing [7] specially for denoising tasks. It consists in It is important to notice that the outlier is replaced by a value that gets repeated. This has to be taken into account in the implementation as we will see latter on.
Because of this outlier avoidance, this is exact the kind of filter one looks for to avoid the 2π warp when measuring velocity with an encoder.
Algorithm
We will compare three algorithms; The first one will consist of a simple low pass filter in the signal without the trigonometric un-warp. The second will consist of the same filter but with the un-warp. Finally the last one will consists in of the proposed algorithm using the median filter together with a low pass filter. We aim to focus on the implementation, so we will present the algorithms as pseudo-codes. In all algorithms, the current sample has index k , the current velocity is represented by [ ] k ω (in radians per se-
is the current encoder reading (in radians) and the sampling period is h . The variable p represents the cut-off of the filter (the lower the value of p the lower is the band of the filter).
Low pass without un-warping
This algorithm is the fastest one and the simplest. It is summarized by the pseudo-code 1.
1.
[
Low pass with un-warping
This algorithm basically does the same thing the first one does but the velocity is computed with equation 3. the algorithm them becomes 1.
Proposed median filter
The proposed algorithm consists in applying the median filter to the velocity and them apply a low pass filter as described by the algorithm
One can notice that we introduced another variable
. This set of L variables are used to store the latest values of the "raw" velocity (velocity that was not processed and still has the warp angle). In fact we detailed this simple algorithms to emphasize that the proposed algorithm uses a little bit more memory (to store the L components of the signal
. This is necessary because at each moment, one needs the values of the velocity that were not filtered, otherwise when the next sample arrive, the set to be fil-tered by the median filter will contain repeated values of the median previously computed (as illustrated in the example of section 3).
Comparing the second the first algorithms it is important to notice that the main computational difference is the presence of a trigonometric and trigonometric inverse function in one and the sorting computation in the second. The first algorithm, as we will see is unusable and was presented only for consistency purpose.
Results
To illustrate the proposed algorithm we acquired the position of the rotor of an induction motor running with a velocity control. We used a 13bit absolute encoder to read the rotor angle. The data is instantaneously differentiated using (1) or (3). Figure 1 shows the whole data after differentiation using (1) . The average velocity is about 180 rad/s. One can notice big peaks due to the warp of the angle (from 2π to 0 ). Figure 2 shows the same variable but with the warping procedure applied. It is still possible to notice some big peaks due to bit reading problems. To compare the result of the proposed filter we used two first order low pass filters given by [ 1] [
where b is the pass-band in normalized units. To illustrate the performance of the proposed filter we used two filters denominated in this paper as lowpass 1 ( 0.1 b =
) and low-pass 2 ( 0.01 b = ). We chose those bands to show that in both cases the result is not good (first one keeps the peaks and the second one smoothes out the signal too much).
As can be seen in the figures 3 to 6, a low pass is needed to denoise the signal, but no compromise between smoothing and peak erasure can be archive using conventional low pass filters (that's why we only tried first order simple filters, since the point can be made about the smoothing versus peak compromise). Figure 3 is the first comparison of the filters. The figure is zoomed out to show the presence of the large peaks in both low pass filters if the signal is not un-warped. In fact without the un-warp procedure, the use of a simple low-pass filter is prohibitive. For the next results we will show always the result of the proposed filter without the un-warp procedure but we will use the un-warp procedure to the low-pass filters. This makes the comparison unfair to the proposed filter, but the goal is to show that even in this situation, the median filter can overcome the use of conventional low pass filters. In all of the tests we use the median with a window with 7 samples in length. Figure 4 shows the first second of the signal. We can notice the angular velocity increase with small "bumps". Those oscillations are the result of vibration of the sensor. We will use this fact to highlight even more the performance of the filters. Now we aim to have a filter that, at the same time be insensitive to the peaks, and do not smooth out the oscillations that are part of the signal. In figure 4 to 7 the gray signal in the background is the original signal (too noisy). Figure 5 shows the result of the proposed filter. One can see that no peak is present and the oscillations are quite evident and denoised. In figure  6 we show a zoom in the signal (to detail the oscillations) and the results of the two low pass filters. It is clear that no compromise between smoothing and peak avoidance is possible. While the first filter one keeps the oscillations (does not smoothes it out) it keeps also the undesirable peaks, the second smoothes out the peaks (not all) but loose the oscillations (that are part of the signal). Figure 7 finally shows the same zoomed result but for the proposed filter. As one can notice, no peaks are present and no over-smoothing was done.
Next we will analyze the performance of the spectrum of the filters in the frequency domain. Figure 2 -Same data acquired from a 13bit encoder but numerically differentiated using the un-warping technique (3). The scale also was preserved to show the large peaks now due to faults in the encoder reader (bit faults). Figure 4 -Data filtered with low pass filters. Notice the presence of oscillation (due to vibration of the sensor). The filters are able to extract that oscillation but the peaks are still present. As we increase the cutoff frequency to reduce the peaks, the oscillation is also smoothen out. 
Spectral analysis and interpretation
In order to quantify the denoising performance of the proposed filter we will examine the results in terms of its spectrum. To do that we will consider only the stable part of the angular velocity (from the first second on) and with the mean removed. This procedure ensure that we will have only the periodic oscillations due to the vibration of the motor. Figure 8 shows the Fast Fourier Transform (FFT) of the signal (un-warped). As can be seeing, due to the impulsive nature of the noise, there are a massive presence of high frequencies. Figure 8 also shows the first frequencies of the spectrum of the signal. There we can see the peaks that compose the oscillation in the signal. With an off-line filter (erasing the frequencies that are in those peaks) one can easily filter out the whole noise and get the oscillations (to a certain precision given by the frequencies that were evident in the spectrum). Of course this procedure is not viable to be used in an on-line situation since one needs the whole signal to perform the FFT erase the frequencies and go back to the time domain. This off-line filtered signal is a good estimate of the noise-free signal that is composed only by the vibrations and can be used to quantify the result of a filter. In the first row, the error for the conventional filters were computed using the filters plus the un-warping procedure. The second row shows the same result without the un-warping procedure (for the conventional low pass filters). It is worth to emphasize that the errors for the proposed filter were measured in both cases with the original signal (without un-warping). 
Conclusions
We presented an algorithm for filtering velocity measurement when one uses an encoder as angular position sensor. We showed that the angle warp problem can be solved basically by two algorithms. One uses direct and inverse trigonometric functions and the second (the proposed algorithm) uses only simple arithmetic operations. The problem with trigonometric functions is that the algorithm limits itself to implementations of those functions on a given hardware. Normally floating point operations and / or large lookup tables are required to implement such functions. This is a huge disadvantage when one is looking for a simple hardware implementation to measure angular velocity (like DSPs, FPGAs, etc…). Since the proposed method uses only memory manipulations (for the sorting algorithm) and basic numeric operations, it can be implemented using fixed point arithmetic. This is suitable for low level implementations where floating point is not available or one has limited resources to spend in a simple velocity sensor.
The results showed that the new algorithm was able to denoise a real signal measured from a encoder and even small disturbances like mechanical vibrations of the system were evident in the filtered signal. The quantitative results using an off-line filter, asserts that the proposed filter is good even when compared with conventional filters. The use of simple first order filters to compare were sufficient because the process of analyzing the compromise between peak avoidance and smoothing characteristics failed in both cases (low pass 1 and 2). Moreover, the conventional filters were viable only in the un-warped signals which leads to complex trigonometric procedures. Therefore, although hi-order filters could be implemented, to be able to avoid the peaks, they would smooth out the signal at a point that little information would be present.
